Traditional model updating of large-scale structures is usually time-consuming because the global structural model needs to be repeatedly re-analyzed as a whole to match global measurements. This paper proposes a new substructural model updating method. The modal data measured on the global structure are disassembled to obtain the independent substructural dynamic flexibility matrices under force and displacement compatibility conditions. The method is extended to the case when the measurement is carried out at partial degrees-of-freedom of the structure. The extracted substructural flexibility matrices are then used as references for updating the corresponding substructural models. An orthogonal projector is employed on both the extracted substructural measurements and the substructural models to remove the rigid body modes of the free-free substructures. Compared with the traditional model updating at the global structure level, only the sub-models at the substructural level are re-analyzed in the proposed substructure-based model updating process, resulting in a rapid convergence of optimization.
Introduction
In vibration-based model updating, the finite element (FE) model is iteratively modified to ensure that its vibration properties optimally reproduce the measured counterparts [1] . The FE model of a large-scale structure usually consists of a large number of degrees-of-freedom (DOFs) and many uncertain parameters, which make the conventional model updating method expensive in terms of computation time and computer memory. Xia et al. [2] carried out a model updating exercise for the Balla Balla Bridge in Western Australia; the bridge was modeled with 907 elements, 949 nodes, and 5,400 DOFs. Optimization convergence took 155 iterations and took about 420 hours. In another study, a fine FE model of the Tsing Ma Suspension Bridge consists of about 300,000 nodes, 450,000 elements, and 1.2 million DOFs. About five hours was spent to obtain the first 100 eigensolutions using a 64-bit Itanium server with eight CPUs of 1.5 GHz each [3] . In such a case, updating the FE model using the conventional approach is very difficult, even with a powerful computer.
The substructuring approach is potentially efficient in the model updating of large-scale structures [4] [5] [6] [7] and related applications [8] [9] [10] . In these studies, the global structure is divided into smaller and more manageable substructures. The substructures are analyzed independently to obtain their designated solutions, which are then assembled to recover the solutions to the global structure by imposing constraints at the interfaces. The substructure-based model updating presents the following advantages: 1) it enables considerably easier and faster analysis of small system matrices; 2) only the substructures need to be updated and re-analyzed instead of analyzing the global structure; 3) the substructuring method can be more efficient when it is incorporated with parallel computation.
Nevertheless, the substructure-based model updating method requires the repeated assembly of the vibration properties (e.g., frequencies and mode shapes) of the substructural FE models into global vibration properties; the assembled properties are then compared with the global measurements. In the present paper, we develop a new substructure-based model updating method, in which the iterative updating process is performed within the substructures only. To achieve this, the global measurements are disassembled into the vibration properties of the substructures. Subsequently, the substructural measurements are used as references for updating the corresponding substructural FE models via the conventional model updating procedure. The proposed inverse process is referred to as the inverse substructuring method, whereas the previous approach can be referred to as the forward substructuring method.
The inverse substructuring method involves the identification of substructural properties. Alvin and Park [11] proposed a force method for the extraction of substructural flexibility matrices from the global flexibility matrix. Doebling and Peterson [12] disassembled the measured global stiffness matrix or flexibility matrix into a substructural stiffness. Apart from the frequency domain, Koh et al. [13] and Law et al. [14] identified substructural properties in the time domain.
In these substructuring approaches, the modal data of the global structure required measurement on all the DOFs of the structures, thereby limiting the application to large-scale structures.
Moreover, the studies focus on small structures and numerical examples only. Developing an effective scheme that can be applied to large-scale structures is necessary.
In the current work, the inverse substructuring approach is developed for structural model updating. The substructural dynamic flexibility matrices are extracted from the experimental modal properties of the global structure. An orthogonal projector is employed to remove the rigid body modes of the independent free-free substructures. Furthermore, the proposed substructuring method is extended to a practical case in which only partial DOFs are measured. The substructural models are then independently updated so that the dynamic flexibility matrices match the extracted ones from the measurement.
The proposed method is applied to a small laboratory-tested structure and a large-scale supertall structure. The results demonstrate that the proposed inverse substructuring model updating method is more accurate and effective compared with the conventional approach.
Disassembly of global flexibility with full DOF measurement
In this section, the flexibility of the global structure is disassembled to the substructural level.
The flexibility matrix of the global structure is formulated from its vibration properties as
where d Λ is a diagonal matrix whose elements are the measured eigenvalues, d Φ is the corresponding mass-normalized deformational mode shapes, and F g is the flexibility matrix of the global structure. Subscript g represents the variables in the original global structure before disassembly. The global flexibility matrix can be formulated with sufficient accuracy using a few of the lowest measured modes [15] [16] .
The substructuring method divides the global structure into independent free or fixed substructures. Without loss of generality, a global structure with N DOFs is divided into two substrctures: a fixed-free substructure of N (1) DOFs (Substructure 1) and a free-free substructure of N (2) DOFs (Substructure 2), connected by N B interface DOFs (Fig. 1) . The partitioned substructures have DOFs of NP = N (1) + N (2) = N + N B in total.
The flexibility matrix of a fixed-free substructure, such as Substructure 1 in Fig. 1 , is contributed by the deformational modes as
where
are the deformational eigenpairs of Substructure 2;
denotes the rigid body modes;
represents the participation factors of the rigid body modes; Subscripts d and r denote the variables associated with the deformational and rigid body modes, respectively. For a free substructure, the modal flexibility matrix is contributed solely by the deformational modes as
To be independent substructures, the substructural variables are written in primitive forms
where K, F, x, and f represent the stiffness matrix, flexibility matrix, nodal displacements, and external forces, respectively. Here the rigid body mode of the first substructure is null.
Superscript p denotes the primitive matrices or vectors, which directly encompass the variables of the independent substructures without imposing any constraints on them. The primitive matrices or vectors take length NP.
Let {x g } denote the nodal displacement vector of the global structure and {f g } the external force vector. The primitive forms of the substructural displacements and forces are linked to the global displacement and force vectors by
where L p is the geometric operator with size NP×N, and is determined by the geometric relationship between the substructures and the global structure. For example, if the jth DOF of the global structure corresponds to the ith DOF in the separated substructures, then 1
The displacement of an independent substructure can be written as a superposition of its deformational and rigid body motions [11] as follows.
where   p f represents the forces imposed on the independent substructures. The primitive forms of the rigid body modes and forces satisfy the force equilibrium compatibility equation
As an independent structure, a substructure is loaded by the external force and the connecting force from the adjacent substructures as
 is the Lagrange multiplier representing the connecting forces along the interfaces of the substructures; and matrix C implicitly defines the general connections between the independent substructures. In matrix C, each row contains two non-zero elements, 1 and -1, for a rigid connection. From the physical perspective, matrix C bears the displacement compatibility [4, 19] 
The substitution of Eq. (10) into Eq. (8) yields
From Eq. (6), the global displacement can be expressed by the substructural variables as
Given that the global displacement and force vectors satisfy     
Substituting Eq. (12) into Eq. (11) leads to
The substitution of Eq. (16) into Eq. (14) yields 
As long as   
or the global flexibility matrix can be expressed by the substructural flexibility matrix as
In Eq. (22), substructural flexibility matrix F p contributes to global flexibility matrix F g in a complicated manner. Expressing F p in terms of F g in an explicit form is difficult. An iterative scheme is required to obtain substructural flexibility matrix F p .
Considering the structure in Fig. 1 , global flexibility F g is disassembled into the substructural flexibility matrices of the two substructures according to the following procedures.
1) The flexibility matrix measured on global structure F g is expanded by geometric operator
where g F  takes size NP×NP.
2) The initial value of p F is formed from the global flexibility as
3) The substructural flexibility matrix is extracted iteratively using Eq. (22) . In the kth iteration,
To keep the block-diagonal property of p F , the diagonal sub-blocks of
to the two substructures are used in the next iteration as follows:
, 0 :
Step 3 is repeated until the relative difference of the substructural flexibility matrices from two consecutive iterations is less than a predefined tolerance, i.e.,
The substructural flexibility matrices are therefore the diagonal sub-blocks of
convergence of the iteration will be verified by numerical example in this paper, and the convergence proof in an elegant mathematical sense deserves further study.
For a free substructure, the substructural flexibility matrix extracted from the global flexibility matrix is contributed by both the rigid body modes and deformational modes of the substructure.
An orthogonal projector is needed to remove the rigid body component and extract the modal flexibility of a free substructure [17] [18] [19] [20] . The construction of the orthogonal projector can be found in the Appendix. The modal flexibility matrix can be used for model updating [16] .
Disassembly of global flexibility with partial DOF measurement
In practice, a structure is usually measured at the partial DOFs of measurement points. For example, some responses such as rotation are difficult and expensive to measure. If partitioning the full DOFs of the measured points into the measured DOFs (denoted by subscript a) and the unmeasured DOFs (denoted by subscript b), the full modal flexibility of a structure takes on the
The partial flexibility matrix estimated at the measured DOFs is directly related to the corresponding rows and columns of the full flexibility [15] .
where ad Λ and ad Φ include the natural frequencies and deformational mode shapes estimated at the measured DOFs. In this section, the substructural flexibility is extracted when the global structure is measured at the partial DOFs.
For this purpose, force compatibility Eq. (14) and displacement compatibility Eq. (15) are partitioned into the measured DOFs and unmeasured DOFs as
If the interface DOFs are the measured DOFs, i.e.,  
and    is therefore solved from Eq. (33) thus:
The displacement vector in Eq. (13) is partitioned according to the measured and unmeasured DOFs as
The displacements at the measured DOFs are expressed by 
For the global structure, the displacements are related to the external forces by the global flexibility as
The partial flexibility matrix corresponding to the measured DOFs is defined as the displacement responses subjected to a unit force applied at the measured DOFs, whereas the forces at the other DOFs are zero, i.e.,   g b f  0 . Consequently, the displacements at the measured DOFs are related to the external forces as F at the measured DOFs. The iteration procedures are similar to those described in Section 2. In practice, a structure is usually measured at limited DOFs. The matrix involved in the iteration, corresponding to the measured DOFs, has a small size. Consequently the computational expense of the iteration is much smaller than those cost in updating the global model. The latter is usually performed on the FE model with millions of DOFs for a large-scale structure. This will be demonstrated using a large-scale structure in Section 6.
The interface DOFs serve to constrain the independent substructures via the compatibility equations, and should therefore always be selected as the measured DOFs. This is the limitation of the present substructuring method. The unmeasured DOFs of the interface points can be estimated using either the analytical model or the curve fitting approach [21, 22] . Future work is needed to address this shortcoming.
As before, the partial substructural flexibility matrices extracted from the global flexibility matrix include the contribution from both the rigid body modes and deformational modes. The rigid body modes should be removed from the partial substructural flexibility to enable extraction of the modal flexibility for model updating. For this purpose, a condensed orthogonal projector P a orthogonal to R a is formulated in the Appendix [17, 23] . To make the partial substructural flexibility matrix extracted from the global flexibility and that calculated from the analytical substructural model comparable in the model updating, both are normalized with condensed projector P a .
In the proposed substructuring method, the substructural flexibility matrices in primitive matrix p aa F are independent. The substructural flexibility matrices can be simultaneously extracted from the global flexibility for all substructures, or be extracted for one or more specific substructures.
In the former, the global structure is measured and the substructural flexibility matrices of all the substructures can be simultaneously obtained at the points corresponding to the measured DOFs.
In the latter, only the local area of the concerned substructure needs to be measured in the experiment, and the substructural flexibility matrix of the concerned substructure is accordingly extracted.
Substructure-based model updating
The global flexibility estimated from the experimental testing is disassembled into the substructural flexibility matrices, which are thereafter used as references for updating the analytical models of the independent substructures. In the model updating procedure, superscript E represents the modal data from the experimental measurement, and A the data of the analytical model.
Taking Substructure 2 in Fig. 1 as an example, after the substructural flexibility matrix 2) The rigid body modes are removed from the generalized flexibility matrix
3) The analytical model of Substructure 2 is updated by treating it as an independent structure. 
Convergence of the iterative process
The iteration convergence of the proposed substructuring method is verified in this section. The substructural flexibility matrix of a concerned substructure is extracted from the global modal data and compared with the real matrix obtained from the independent analytical model of the same substructure.
First the substructural flexibility matrix of the first substructure
F  is extracted from the global modal data, while the analytical sub-models of the second and third substructures are assumed to be known in advance. For this purpose, the frequencies and mode shapes of the global structure are obtained from the global model (Fig. 3) . The frequencies and mode shapes corresponding to the first substructure are used to construct the global flexibility matrix at the Next, the substructural flexibility matrix of the second substructure is extracted from the global modal data, while the sub-models of the first and third substructures are assumed to be available.
The global structure is assumed to be measured at the second substructure to assemble   again, the norm of the difference in each iteration is illustrated in Fig. 5(b) .
Finally, the accuracy of the extracted substructural flexibility matrix of the third substructure is investigated. Details are not repeated here for brevity. The convergence process is illustrated in Fig. 5(c) with the identical tolerance of 1  10 -6 . Fig. 5 demonstrates that the substructural flexibility matrices extracted from the global modal data accurately reproduce the actual flexibility matrices of the independent substructures for all of the three substructures.
Refinement of the initial model
In this section, the substructural flexibility matrices of the three substructures are extracted from the experimental measurement data in the undamaged state, and are used as the reference for updating the three sub-models (Fig. 4) .
Vibration testing on the global structure in the undamaged state is carried out in laboratory. The input and output time history data are recorded at the lateral direction of the measured nodes (Nodes 1 to 44 in Fig. 3 ) to derive the frequency response functions. Typical curves of the experimental measurements are illustrated in Fig. 6 . Based on the measurement data, 14 pairs of natural frequencies and mass-normalized mode shapes are extracted by the rational fraction polynomial method [25] . Table 1 The elemental stiffness reduction factor (SRF) is employed to indicate the change ratio of the updated parameter to the initial value before updating [26] .
where superscript O represents the original parameters before updating and U represents the updated values after updating. Fig. 7 shows the SRF values of the three substructures after their respective sub-models are updated. To examine the correctness of the updated sub-models, the updated parameters are re-used in the global structure to calculate the frequencies and mode shapes of the global structure. The frequencies and modal assurance criterion (MAC) values of the mode shapes [26] before and after updating are compared with their measured counterparts in Table 1 . The frequencies and mode shapes of the updated structure match the experimental results better than those before updating, indicating the updated substructural models are better at representing the actual structure. The three refined sub-models are used for damage identification in the subsequent section.
Damage detection based on the substructural approach
Two damage configurations are introduced in the frame. In the first damage case, the column of the first storey is cut at 180 mm away from the support (Fig. 2) . The width of the cut is b = 10 mm, and depth d = 15 mm. Subsequently, the second storey is cut at 750 mm from the support with a width b = 10 mm and depth d = 15 mm.
In the first damage case, only the local measurement within the first storey, i.e., Nodes 1 to 18 in Table 3 ; the updated model matches the experiment better than does the non-updated model.
In both damage configurations, the identified damage elements agree with the locations of the artificial cuts made in the experiment, indicating that the proposed substructuring method successfully localizes the artificial damage.
Damage detection based on the global approach
For comparison, the frame structure is updated using the traditional global method [16] 7-9). As a result, the proposed substructuring method is effective in model updating and damage identification.
In this small structure, the entire calculation is very rapid and the substructure-based model updating method has no advantage over the traditional global method in terms of computational efficiency. In the next section, a relatively larger structure, the Guangzhou New TV Tower, is
chosen as an illustrative case in investigating the efficiency of the two model updating methods. 20 
Case study 2: The Guangzhou New Television Tower
The Guangzhou New TV Tower is a supertall structure 600 m high. It consists of a main tower (454 m) and an antennary mast (146 m), as shown in Fig. 13(a) . The main tower comprises a reinforced concrete inner tube and a steel outer tube of concrete-filled tube columns [27] . The analytical FE model of the structure [ Fig. 13(b) ] includes 8,738 three-dimensional elements, 3,671 nodes (each of which has six DOFs), and 21,690 DOFs [6] .
The "experimental" frequencies and mode shapes are simulated on the global structure by intentionally reducing the bending rigidity of 48 column elements of the outer tube in the local area (denoted in Fig. 13 ) by 30%. The structure is measured at randomly selected 50 DOFs within the concerned local area, and the first 10 "experimental" modes are available. The mode shapes are normalized to the mass matrix. The "experimental" flexibility matrix is formed from the 10 frequencies and mode shapes. eigensolutions of the substructural model, whose system matrices take the size of 2,736×2,736.
Given that the substructural model has a size much smaller than that of the global structure, the substructure-based model updating performs much faster than the global method. In particular, one iteration takes only about 0.11 hours and the entire process takes 1.69 hours, less than 10% of that consumed in the traditional global method. The substructure-based model updating process is completed within 14 iterations in satisfying the convergence criterion of 1×10 -6 ; the convergence process is illustrated in Fig. 14. For comparison, the norm values from the two methods in Fig. 14 are normalized with the maximum value of 1. With regard to the computational time in the model updating of a large-scale structure, the time consumed in extracting the substructural experimental flexibility matrix from the global experimental flexibility is negligible.
The frequencies and mode shapes of the updated structure are compared with the values before updating ( Table 4 ). The experimental eigenmodes are simulated numerically without considering the measurement noise. Consequently the updated FE models precisely recover the "experimental" counterparts exactly.
In the above analysis, the local area is updated when the location of local damage is known in free structure having N nodes, the three independent rigid body modes are the x translation, y translation, and z rotation, that is,
Consequently, orthogonal projector P is determined by the geometric dimension of a structure as well. Orthogonal projector P remains unchanged throughout the entire model updating process.
When the global structure is measured at partial DOFs, the extracted substructural flexibility is obtained at the DOFs corresponding to the measured ones only. Accordingly, the generalized flexibility extracted at the measured DOFs is written as
Next, a condensed orthogonal projector is formulated to remove the rigid body components from the partial generalized flexibility matrix. For this purpose, a matrix that is mathematically orthogonal to reduced rigid body modes R a is required.
The condensed model proposed by Xia et al. [23] is employed.
The eigenmodes (ˆa Φ ) of the reduced model consist of two parts: the rigid body modes at the measured DOFs R a and the deformational modes at the measured DOFs ˆa is obtained through an iterative scheme [23] .
In this reduced model, the rigid body modes and deformational modes satisfy the orthogonality
Because of these orthogonal properties, condensed projector P a is constructed as
In this case, projector P a is used to remove the rigid body modes of the generalized flexibility by 
